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There are various characterizations of groups by conditions on the 
orders of its elements. For example, in [ 8, 1 ] the finite groups all of whose 
elements have prime power order have been classified. In [2, 16-181 some 
simple groups have been characterized by conditions on the orders of 
its elements and B. H. Neumann [12] has determined all groups whose 
elements have orders 1, 2, and 3. The latter groups are OC3 groups in the 
sense of the following. 
DEFINITION. Let n be a positive integer. Then a group G is an OC, 
group if every element of G has order <n and for each m <n there exists 
an element of G having order m. 
In this paper we give a complete classification of finite OC, groups. The 
notation is standard; see [S, 111. In addition, for a prime q, a Sylow q-sub- 
group of the group G is denoted by P,. Moreover Z{ stands for the direct 
product of j copies of Zj and G = [N] Q denotes the split extension of a 
normal subgroup N of G by a complement Q. Also, a finite group G is 
called a 2-Frobenius group if it has a normal series G > K> H > 1, where 
K is a Frobenius group with kernel H and G/H is a Frobenius group with 
kernel K/H, 
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We freely use Thompson’s result [S] that a group admitting a fixed- 
point-free automorphism of prime order is nilpotent and the classification 
of Frobenius complements (see [ 141). 
Using the classification of finite simple groups, we can prove the 
following characterization of OC, groups. 
THEOREM. Let G be a finite OC, group. Then n < 8 and one of the 
following holds. 
I. n < 2 and G is an elementary abelian 2-group. 
II. n = 3 and G = [N] Q is a Frobenius group where either NE Z i, 
QEZ, or NE??:*, QrZ,. 
III. n = 4 and G = [N] Q and one of the following holds: 
(i) N has exponent 4 and class < 2 and Q z Z,. 
(ii) N=Z:’ and QEZ,. 
(iii) N = Z :’ and Q z L, or Qp and G is a Frobenius group. 
IV. n=5 and GzA, or G=[N]Q, where QzA, and N is an 
elementary abelian 2-group and a direct sum of natural SL(2,4)-modules. 
V. n = 6 and G is one of the following types: 
(i) G= [Ps] Q is a Frobenius group, where QE [Z,] Z, or 
QrSL(2,3) and P,=Z:‘. 
(ii) G/O,(G) z A, and O,(G) is elementary abelian and a direct 
sum of natural and orthogonal SL(2,4)-modules. 
(iii) G=L’, or G=C,. 
VI. n=7 and GzA,. 
VII. n = 8 and G = [PSL(3,4)] (/?), where b’ is a unitary 
automorphism of PSL(3, 4). 
COROLLARY. Let G be a finite group. Then G g A, if and only tf the set 
of its element orders is { 1, 2, 3, 4, 5, 6, 7). 
1. THE CASE n<6 
We first derive some conditions for the existence of elements of certain 
orders in extensions of elementary abelian normal subgroups by given finite 
groups. 
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LEMMA 1. Let N be an elementary abelian normal 2-subgroup of a finite 
group G and assume that G/N = (cN > is cyclic of even order. Let tN be the 
involution in G/N and set C= (c>. 
(a) If G/N g Z,, then [N, C, t] # 1 if and only if there is an element 
of order 8 in G. 
(b) If G/N z Z, and tf INI = IC,(t)l’, then there exist elements of 
order 8 in G. 
(c) If G/Nz& and if INI = IC,(t)l’, then there is an element qf 
order 12 in G if and only tfc2 does not act fixed-point-free on N. 
Proof: Let XE N. To prove (a) and (b), we may assume that [x, c] # 1. 
Then we have 
(xc)2=x2x-‘cxc-‘c2= [x, c-‘1 t 
and 
(xc)” = [[x, c-‘-J, t]. 
This shows (a). 
Assume now that G4= 1. As INI = lC,(t)12, we have C,(t)= [N, t]. 
Now (a) implies [N, c, t] = 1, so [N, c] 6 C,(t)= [N, t] and hence 
[N, c, c] < [N, t, c] = [N, c, t] = 1, which means that c2 centralizes N, a 
contradiction. 
Finally let dN be an element of order 3 such that C,(d) # 1. Then 
N= C,(d)x [N, d] and INI = IC,(t)12 implies [C,(d), t] # 1. Thus (c) 
follows. 1 
If G is an OC, group with n < 5 then every element of G is of prime 
power order and so G is known. We collect this information, which can 
also be derived directly as 
LEMMA 2. Let G be a finite OC, group with n < 5. Then one of the 
following cases occurs. 
I. n < 2 and G is an elementary abelian 2-group. 
II. n = 3 and G = [N] Q is a Frobenius group, where either N z H 5, 
QrZ2 or Nrb:‘, QEZ,. 
III. n = 4 and G = [N] Q and one of the following holds: 
(i) N has exponent dividing 4 and is of class at most 2 and Q E h, 
or Qzc,. 
(ii) NE h :’ and Q E H, or Q z Q8 and G is a Frobenius group. 
IV. n=5 and GzA, or G=[N]Q, where QgA, and N is an 
elementary abelian 2-group and a direct sum of natural SL(2,4)-modules. 
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Proof: 11 can be found in [12] and III follows immediately from [S]. 
Finally, IV is clear from [ 1, Theorem 3 ‘; 9, Theorem 8.21. 1 
In the situation of Case III(i) of Lemma 2, some more detailed informa- 
tion is available. 
LEMMA 3. Suppose that G/O,(G) r ,?I, and that there is no element of 
order 6 in G. Then either O,(G) is elementary ahelian or there is an element 
of order 8 in G. 
Proof Let G be a counterexample of least possible order, let de G be 
an element of order 3, and let t be an element inverting d. Let N= O,(G) 
and set x= N/@(N). By minimality, we have @(N) = fi,(Z(N)) g Z, x 77,. 
- -cl Let E < N be defined by E/@(N) = C,(t). Then we have R = (E, E ) = 
EEd, and so N = EEd. First assume that E contains an element x of order 
4. Then by [9, Theorem 8.11 the group S= (x, xd) is abelian and it 
readily follows that SE Z, x & is E-invariant. But then txd has order 
divisible by 8. Otherwise, E is elementary abelian, and by [9, Theorem 8.11 
again, N = EEd is elementary, a final contradiction. m 
We now deal with the case where n = 6. 
LEMMA 4. Let G be a finite OC, group. Then one sf the,following occurs. 
(i) G= [P5] Q is a Frobenius group, where Q g [Z,] L, or 
Q z SL(2,3) and P, g Z:‘. 
(ii) G/O,(G)g:A,, exp(O,(G)) = 2 or 4, and lO,(G)l = 24’. 
(iii) Gz,YC, or GzC,. 
Proof 
CASE a. G is solvable. 
First assume that R = OS,(G) is nontrivial. As every element of order 5 
in G acts fixed-point-freely on R, we see that R is nilpotent and P, z Z,. 
Moreover, Q = G/R is Sclosed and because G is an OC6 group, we see that 
Q embeds into the holomorph of Z,. 
If Q is cyclic, then R must contain elements of order 12, a contradiction. 
Assume IQ1 = 20. As G does not contain any elements of order 15, we see 
that Q acts faithfully on every 3-chief factor C of R. But C is isomorphic 
to the irreducible permutation module that arises from the doubly 
transitive permutation representation of Q and hence the elements of 
order 4 in Q have fixed points on C. Thus G contains elements of order 12, 
a contradiction. 
1 There is an error in [I, p. 492, line 121. Thus the Mathieu group M,, is missing in 
[l, Theorem 31. 
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Therefore Q is dihedral and we readily get R = N x P,, where 
N := O,(G) is elementary abelian and nontrivial. Now G/N contains 
elements of order 6 because the involutions in Q cannot act fixed-point- 
freely on P,. Let t be an involution in Q. Then dim C,(t) < dim(N)/2. If 
this inequality were strict, then an element of order 5 in Q, which is a 
product of t and some conjugate of t, would have a nontrivial fixed point 
on N and there would be elements of order 10 in G. Thus, the first 
hypothesis of Lemma l(c) is fulfilled and G contains elements of order 12, 
a contradiction. Thus R = O,,(G) is trivial. 
Now let K = O,(G) be nontrivial. Then O,,,,(G) = [K] Q is a Frobenius 
group and n(Q) E { 2,3 1. Clearly, no element of order 5 can act lixed- 
point-freely on KQ/K, and hence G = [K] Q is a Frobenius group and 
Q E [Z,] Z, or Q z ,X(2,3). 
CASE b. G is nonsolvable. 
Let S be the maximal solvable normal subgroup of G. Since G/S does 
not contain any elements of order 2 10, the minimal normal subgroup N/S 
of G/S is a simple group and we have rc(N/S) = {2,3,5}. From [6, p. 121, 
we see that N/S can only be A,, A,, or P&74,2). But the latter group 
contains elements of order 12 and so N/S g AS or N/S z A,. Also, G/S is 
isomorphic to a subgroup of Aut(N/S). If N/S g A,, then G/S g A, or Z,. 
If N/S= A,, then G/S can be isomorphic to Aut(A,), PGL(2,9), M,,, A,, 
or C,. Since Aut(A,), PGL(2, 9), and N,, all contain elements of order 8, 
we see that G/S can only be A, or 2,. Again, as A5 contains a Klein 
four-group and G does not contain any elements of order 10 or 15, we infer 
that n(S) E {2,3} and S is nilpotent. 
Now we prove that S is a 2-group. Otherwise, we may assume that S is 
a minimal normal 3-subgroup of G. As G does not contain any elements of 
order 9, the Sylow 3-subgroups of G are of exponent 3 and hence satisfy 
the second Engel condition [ 11, p. 2901. In particular, every element of 
order 3 in G/S acts quadratically on S. Thus, by [S, p. 1031 the group 
X(2, 3) is involved in G/S, a contradiction. 
Finally, we prove S= 1 in the cases Q = G/NE A,, C,, or Cg. By way 
of contradiction, we may assume that S # 1 is elementary abelian. We show 
that in this situation, G contains elements of order 8. Indeed, let CE Q be 
an element of order 4 and let t = c*. We have dim C,(t) 2 dim(N)/2. Sup- 
pose that the inequality were strict. As every square t, and t, of elements 
of order 4 in Q are conjugate, this would imply that C,(t 1 t2) # 1 for every 
such t i, t,. But every element of order 5 in Q can be expressed as such a 
product and G would contain elements of order 10, a contradiction. So we 
have I C,(t)1 * = 1 NI and Lemma l(b) shows that G contains elements of 
order 8, a final contradiction. 1 
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In the situation of part (iii) of the previous lemma, the normal 2-sub- 
group actually is elementary abelian, as we now proceed to show. 
LEMMA 5. (a) Let t , and t, be two distinct transvections on the 
F,-module V, i.e., IV/C,(t,)l =2 for i= 1, 2. Then t,tZ is a transvection if 
and only if C,(t,) = C,(t,) or [V, tl] = [V, tx]. 
(b) Suppose that G/O,(G) z A,. Then there is an element of order 8, 
10, or 12 in G, or O,(G) is elementary abelian. 
Proof: (a) For any transvection t, we have o(t) = 2 = I [V, t]l. Hence, 
we may assume that t, and t, commute and thus [V, t,, t2] = 1. It 
follows that [u, t,f2]= [u, t,][v, f2] for all UE V, and thus Cv(t1f2)= 
C,(f,)n CAt,) or CK t,l= CK f21. 
(b) It is well known that the only irreducible nontrivial F,A,- 
modules have order 24 and are the natural SL(2,4)-module and the 
orthogonal 0; (2)-module, respectively. The latter module is projective and 
it follows from a result of G. Higman [9] (see also [ 151) that every lF,A,- 
module which does not involve the trivial module decomposes into a direct 
sum of irreducible modules. 
Now let G be a minimal counterexample, Q = O,(G), and Q = Q/@(Q). 
Then Q(Q) = sZ,(Z(Q)) is irreducible and Q is the direct sum of at most 
two irreducible A,-modules. 
Let d, t E G such that d3 = t2 = 1 and (d, t) gZc,. Note that t also 
inverts an element of order 5 in G, and thus IQ1 = ) C,( t)l 2. Let 
Q(Q) < Eb Q so that i?= Co(d). Note that E is elementary since there is 
no element of order 12 in G. 
Assume first that Q is irreducible. Then Lemma 3 shows that Q is 
orthogonal and ],!?I = 4. But now every involution of Q is conjugate to 
some involution in i?, and every coset of Q(Q) in Q only contains involu- 
tions. Hence, Q is elementary abelian and G is not a counterexample. 
Assume now that Q = E, x i?,, where Ei is an irreducible As-module. By 
induction Ej is elementary abelian, and again Lemma 3 shows that one of 
the Ei, say E,, is an orthogonal A,-module, i.e., IEn ,?,I = 4. 
Since t does not centralize En E, , there is an element 5 E i? n E, such 
that 6= [a, t] # 1. It follows that o(at)=4 and, without loss of generality, 
we have (at)2 = b. Now Lemma l(a) implies [E,, at] < C,,(b). Since, in 
addition, C,(b) is d-invariant, we get IE,/C,,(b)l = 2. On the other hand, 
C,,,(b) E ,E‘, and so there is a four-group Z7 in J?, all of whose involutions 
are conjugate to h. We conclude from (a) that either I [E2, H]l = 2 or 
lE,!C,,(H)l = 2 and C,(H) = C,(b). Hence, either [E2, H] or C,(H) is 
normalized by (N,(H), d, t ) = G, a contradiction. 1 
We have now shown that the list of OC6 groups is complete. 
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2. THE CASE n>7 
In this section we discuss the finite OC,, groups with n 3 7 using the 
prime graph components of finite groups (see [21]). First we give the 
following lemmas. 
LEMMA 6. Let G be a finite OC,, group. If n 2 7, then G is nonsolvable. 
Proof. Put pk+ , > n 2 pk, where pi is the ith prime of the prime series. 
Since n > 7, we have k b 4. Because G is an OC, group, by definition we see 
that IGI =211 .3”2.5”3 . . p?. 
If G is solvable, we consider the (2, 3, . . . . pkp ,)-complement H of G, 
1 HI = pF:;pF:; p:. From Bertrand’s postulate [ 10, Theorem 5.7.11 we 
prove easily that H does not contain any elements of order pk ~ 2pk ~ ], 
pk ~ 2pk, or pk ~ i pk. In fact, since G is an OC, group if H contains elements 
of orderp,. 2pk ,, we have~,-~p~~ ,<n<p,+,. But if k=4, we have 
pkp2=3, pk-,=5, andp,+,= 11, and the above inequality is apparently 
untenable. With k > 4 and pk 2 3 5 > 4, we have pk 2pk , > 4pk , > 
2p, > pk+ i from Bertrand’s postulate, and the above inequality also does 
not hold water. Thus H is a solvable group all of whose elements are of 
prime power order. From [S, Theorem 11, we have ITC(H)I < 2 and derive 
a contradiction. Therefore G is nonsolvable. 1 
LEMMA 7. Let G be a finite OC, group. If n > 7, then G is neither 
Frobenius nor 2-Frobenius. 
Proof: First, Lemma 6 implies that G is nonsolvable, and hence G can- 
not be a 2-Frobenius group. If G is a Frobenius group with kernel K and 
complement H, say, then H is nonsolvable and hence it has a normal sub- 
group Ho of index d 2 such that Ho E SL(2,5) x M, where A4 is a Z-group 
of order coprime to 30. But SL(2, 5) contains elements of order 10 and 
does not contain any element of order 9. The same is true for G and thus 
G is not an OC, group. 1 
LEMMA 8. Let G be a finite OC, group, n 2 7, IGI = 2”’ 3”2 ... p?, 
2Pj+l > n > 2pi, where pi is the ith prime of the prime series. Then G has a 
normal series which contains a nonabelian simple factor group G, such that 
Pj+ I9 ...> pk E x(C,). Moreover we have 
I. Zf F(G) # 1, where F(G) is the Fitting subgroup of G, then the 
Sylow pi-subgroups (i= j+ 1, . . . . k) of G are cyclic. 
II. If F(G) = 1, then either 
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(i) rr(Gr)=7~(G), h w ere CT, is a simple group qf alternating or 
sporadic type or 
(ii) x(G,) u x(1) 2 71(G) 2 n(G,), where G, is a simple group of Lie 
type, and 1 is the order qf the group of ,field automorphisms of G,. 
ProoJ Since G is an OC, group with n > 7, Lemma 7 implies that G is 
neither Frobenius nor 2-Frobenius. From [21, Theorem A], G can be only 
one of the following types: (1) nonabelian simple; (2) an extension of 
a rci-group by a simple group, where rc, is the prime graph component 
containing 2 (see [21]); (3) simple by rc ,-solvable; or (4) rrl by simple by 
7~~. Since rr, = { 2, 3, . . . . pi}, the normal series of G all contain a nonabelian 
simple factor group G, such that p,+, , . . . . pk E rc(G,), while G is one of the 
above types. 
When G is of type (1) conclusion II is apparently correct. 
Now let G be of type (2) so that G is an extension of a rc,-group N by 
a simple group. Since pk 4 7c1, and G does not contain any elements of 
order 2pk, 3p,, . . . . p,pk, by Thompson’s theorem, N is a nilpotent group. 
Hence N = F(G) # 1. Again, as the nonidentity elements of the Sylow 
pi-subgroups of G(i = j-t 1, . . . . k) act fixed-point-freely on N, we derive that 
the Sylow pi-subgroups of G are cyclic. This is conclusion I. 
Now let G be of type (3) so that G is an extension of a simple group G, 
by a n,-solvable group. In this case, G, a G and C,(G,) = 1. Thus G is 
isomorphic to a subgroup of Aut(G,) and we have Aut(G,) > G 3 G, . If G, 
is a simple group of alternating or sporadic type, then [3] yields 
IAut(G,)/G,I = 1, 2, or 4 and so n(G,)=lr(G). If G, is a simple group of 
Lie type, then [19] implies that the prime factors of the orders of the 
diagonal and graph automorphisms of G, are contained in n(G,). Hence 
rc(G,) u x(1) 2 z(G) 2 rc(G, ), where I is the order of the group of field 
automorphisms of G,. This is conclusion II. 
When G is of type (4), by F(G) # 1 we have I, and for the factor group 
G/F(G) we have conclusion II. 1 
Lemma 8 shows a necessary condition of the existence of a finite OC, 
group G (n b 7). Now using the prime graph components of finite groups 
we discuss the nonabelian simple factor group G1, which is contained in 
the normal series of G. For this purpose we list the table of set rr, and rr; 
within 7 <n < 47 (Table I). 
The calculation illustrates that lrc’,) >, 6 if n > 47 (for n < 4400 we may 
immediately observe the table of primes, and for n > 4400 we may 
use the inequality n(2n) - n(n) > ((log 2)/30) (nJog(2n)); see [lo, 
Theorem 5.7.2]), and thus the number of prime graph components is 2 7. 
From [21, Theorem 3 and Remark 1 ] we see that such a finite nonsolvable 
group does not exist. 
43, :143’?-9 
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TABLE I 
n =[I ?[I 
7, &9 
10 
II,12 
13 
14, 15, 16 
17, 18 
19, 20, 21 
22 
23, 24, 25 
26, 27, 28 
29,30 
31, 32, 33 
34, 35, 36 
37 
38, 39,40 
41,42 
43,44,45 
46 
47 
(2131 
{2,3> 5) 
(2, 3, 5) 
12, 3, 5) 
12, 3, 5,7} 
{2, 3, 5,7) 
(2, 3, 5,7) 
(2, 3, 5, 7, 1 1 } 
(2, 3, 5, 7, 11) 
{2,3, 5,7, 11, 13) 
(2, 3, 5, 7, 11, 13) 
{2,3, 5, 7, 11, 13) 
{2,3, 5,7, 11, 13, 17) 
{2,3, 5,7, 11, 13, 17) 
{2,3,5,7, 11, 13,17, 19) 
{2,3,5,7, 11, 13, 17, 19) 
{2,3, 5, 7, 11, 13, 17, 19) 
{2,3, 5,7, 11, 13, 17, 19,23} 
{2, 3, 5, 7, 11, 13, 17, 19, 23) 
{5,71 
17) 
{7,11} 
{7,11,13) 
{IL 13) 
{11,13,17} 
{ 11, 13,17,19} 
{ 13, 17, 19) 
{ 13, 17, 19,23} 
{ 17, 19,23} 
{ 17, 19,23,29} 
{ 17, 19, 23, 29, 31} 
{ 19,23,29,31} 
{ 19, 23, 29, 31, 37) 
{23,29,31,37} 
(23, 29, 31, 37,41} 
{ 23, 29, 31, 37,41,43} 
(29, 31, 37, 41, 43) 
(29, 31, 37,41,43,47} 
LEMMA 9. Let G be a finite OC, group with 7 6 n d 10. Then n = 7 
and Gs A, or n= 8 and GE [PSL(3,4)](fi), where /I is a unitary 
automorphism of PSL( 3,4). 
Proof: The proof is divided into three parts. 
I. First we prove that any normal series of G contains a factor 
group G, = G,/Sz A, or PSL(3,4), where G1 u G and S is the maximal 
solvable normal subgroup of G. 
(1) The cases where n = 7, 8, and 9. If G exists, then Lemma 8 and 
Table I imply that G, has at least three components, and 5, 7 E z(Gi). If G, 
has four components, then jrc(G,)I = 4 implies that G, is a nonabelian 
simple group in which every element has prime power order. From [20, 
Theorem 161, G, z PSL(3,4). If G, has three components and 3 1 IC,l then 
G, contains elements of order 6, and G, is a Crcrc-group with n = { 2,3}. 
When G, is a simple group of Lie type in odd characteristic, or alternating 
or sporadic, from [21, Theorem 51 we calculate that G, z A,. While G, is 
a simple group of Lie type in characteristic 2 we immediately calculate the 
order of G,. By the table of the finite simple groups and the exceptions (see 
[3]) we see that G, does not exist. For instance, the order of A,(q) 
(q=2”) is q6(q+ l)* (q- 1)3 (q2+ l)(q*+q+ l), and by x(A,(q))E 
(2, 3, 5, 7}, we infer that q= 2. But A,(2) g A, contains elements of 
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order 15, and hence G, cannot be A,(q). If 31 /Gil, then G, must be a 
Suzuki group and thus contains elements of order > 13, a contradiction. 
(2) The case where n = 10. If G exists, then Lemma 8 and Table I 
imply that G, has at least two components and we have 7 E n(G,). If G, has 
four components, then G, E PSL(3,4). If G, has three components, then 
c, contains elements of order 6 and none of order 10, or conversely. Sup- 
pose that (7, does not contain any element of order 6. Then [4] and a 
calculation show that G, can only be PSL(3,4). Suppose now that c, con- 
tains elements of order 6 but none of order 10. Then G, is a Crrrr-group 
with 7c = { 2, 3 }. An argument similar to that used in (1) yields G, z A, or 
G, 2 PSU(3, 3). As the latter group contains elements of order 12, this 
leaves us with G, %A,. 
Finally, assume that G, has just two components. We only have to con- 
sider the case when G contains elements of order 6 and 10. From [21, 
Table Ib, Ic and Table II] and by inspection of the order of c, , we see that 
G, can only be J2, D,(2), or C,(2). But all these groups contain elements 
of order 12, as can be seen from [3]. 
Therefore, t?, can only be isomorphic to A, or PSL(3,4). 
II. In the second part of the proof, we show that S= 1. Since 
G,/Sr A, or PSL(3,4) and the Sylow 3-subgroups of A, and PSL(3,4) 
are all elementary abelian groups of order 9, we see that S is a nilpotent 
{ 2, 3 }-group. 
First, assume that 3 divides the order of S. We claim that S is a 3-group 
in this case. Otherwise, S2 = O,(S) is nontrivial. As G, contains a four- 
group, there exists gc G, such that gS, is of order 6. So g is of order 6. By 
way of contradiction, suppose that gx is of order 6 for all x in S,. Then 
gxO,(S) is an involution for all XE O,(S) and hence g303(S) centralises 
S/O,(S) z O,(S). But G, must act faithfully on O,(S), a contradiction. In 
proving S= 1 we may thus assume that S is a minimal normal subgroup 
of G,. If G, E A,, there are no elements of order 8 in G and thus there are 
also no elements of order 9. Hence the elements of order 3 in G, act quad- 
ratically on S and as in the proof of Lemma 4, we derive a contradiction 
from [S, p. 1031. If G, = PSL(3,4), we choose a subgroup of G, 
isomorphic to Z’, x Z4. From [S, p. 1881 we see that G contains elements 
of order 12, a contradiction. Thus S is a 2-group. 
First assume that G, 2 PSL(3,4). Then there exists a subgroup T of c, 
such that T z A,. Since G does not contain any elements of order lo, every 
chief factor of T in V= O,(G)/@(O,(G)) IS a module of order 24 (see [ 151). 
In particular, a Sylow 3-subgroup P of G, acts fixed-point-freely on V. 
Since P is normalized by a quaternion group, one has 
I VI = lCv(414 for all dEP, dfl. 
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On the other hand, G, contains a subgroup isomorphic to PSL(3,2) and 
thus every dg P normalises a Sylow 7-subgroup U of G. As C,(U) = 1, we 
see that 
I VI = ICv(4 3 for all de P, d# 1, a contradiction. 
Finally, let G, z A ,. Then G does not contain any elements of order 9 or 
10. Since A7 contains subgroups isomorphic to A, and PSL(3,2), we get 
a contradiction similar to that above. 
III. We prove n=7 and GzA, or n=8 and Gg[PSL(3,4)](/?), 
where b is a unitary automorphism of PSL(3,4). 
In II we have shown that G, z A, or E = PSL(3,4). Again by G, in G 
and C,(G,) = 1 we infer that A, d G < Z, or E < G d Aut(E). When 
A, < G 6 C7 we conclude that G g A, because C, contains elements 
of order 12. It is tested easily that A, is an OC, group. When 
E<G,<Aut(E) we let P*eSyl,E; then jNE(P*)I=21. The Frattini 
argument yields G = N, (P*) E and so G/E g NG(P*)/NE(P*). As 
c&P*) = p*, we have IG/El<2 and so IGI=2a.32.5.7 with cr=6 
or 7. If IGJ=26.32.5.7, then GrPSL(3,4) is not an OC, group. If 
IGI=27.32.5.7, then Gr[E](fi), where B is an automorphism of 
order 2 of E. From [7, Proposition 1.33 if /I induces the field automor- 
phism on E, then C,(B) 2 A, and G contains elements of order 10 and 
not of order 9. In this case G is not an OC, group. If /I induces the graph 
automorphism on E, then C,(p) = PSL(2, 7) and G is also not an OC, 
group. When /I is the unitary automorphism of E it has PSU(3, 2) as its 
fixed points. As PSU(3,2) is a maximal subgroup of E and by calculation 
[E] (/I) contains elements of order 8 (see [ 13, Lemma 4.73, where 
o(ea,) = 8), [PSL(3,4)](fi) is an OC, group. The theorem is proved. 1 
LEMMA 10. There does not exist any ,finite OC, group with n > 11. 
Proof: (1) The case where n = 11 or 12. If G exists, then Lemma 8 and 
Table I imply that G has a normal series which contains a nonabelian sim- 
ple factor group G, such that 7 and 11 are contained in z(Gi). Thus G, 
contains at least three prime graph components in this case. If we suppose 
G, is an alternating simple group, then G, cannot be A,, where m = 11 or 
12, because Alo contains elements of order 21. From [21, Tables Id and Ie] 
we obtain that there do not exist any simple groups of Lie type in odd 
characteristic which satisfy the above conditions. For example, let G, be 
thesimplegroup20,(32)withp=2”+1,m~2.Since~2={(3~~1+1)/2}, 
(3pp1+1)/2 can only be 7k1 or llkZ. If 3Pp’+1=2.7k1, we have 1~2 
(mod 3), which is impossible. If 3pp ’ + 1 = 2 . 11 kZ, then 32m + 1 = 0 
(mod 11). As - 1 is a nonsquare (mod 1 l), this is impossible too. 
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If G, is a simple group of Lie type in characteristic 2, we immediately 
calculate the order of G,. By the table of known finite simple groups and 
the exceptions [S, pp. 490-4921 we see that G, can only be PSU(6,2). But 
by [3], PSU(6,2) has elements of order 15. Therefore there does not 
exist any simple group of Lie type in characteristic 2 satisfying the given 
conditions. 
If G, is a sporadic simple group, then by [21, Tables II a, b, c] we see 
that G, can only be HS. But by [3], HS contains elements of order 20. 
Therefore there do not exist finite OC,, and OC,, groups. 
(2) The case where n = 13. If G exists, then Lemma 8 and Table I 
imply that G has a normal series which contains a nonabelian simple factor 
group G, such that 7, 11, and 13 are contained in rc(G,), and C, contains 
at least four prime graph components. From [Zl, Table Ie], we see that C, 
is not a simple group of alternating or Lie type in odd characteristic. Also 
by [21, Table II], G, is not a sporadic group. Again calculating the order 
of G, we see that G, also cannot be a simple group of Lie type in charac- 
teristic 2. Therefore finite OC,, groups do not exist. 
(3) The case where n = 14, 15, and 16. If G exists, then Lemma 8 and 
Table I imply that G has similarly a normal series which contains a non- 
abelian simple factor group G, such that 11 and 13 are contained in n(G,), 
and c, contains at least three components. From [21, Tables Id and Ie] 
and calculating the order of G,, we see that G, is not a simple group of 
alternating or Lie type. Also by [21, Table II], if G, is a sporadic simple 
group, then G, can only be Suz. But Suz contains elements of order 21 by 
[3]. Therefore no finite OC,,, OC,5, or OC,, group exists. 
(4) The case where n > 17. When n >, 47 the number of prime graph 
components of G is at least 7 and such a finite nonsolvable group does not 
exist. Hence we need only discuss the case 17 < n < 46. In this case the 
number of components of the nonabelian simple factor group C, at least 
is 4 by Table I. Moreover we have z’, E rc(G,), Similarly by [21, Tables Ie 
and II] and calculating the order of G,, we see that there does not exist 
any group G, satisfying the above conditions. Therefore the finite OC, 
(n 3 17) groups do not exist. The theorem is proved. 1 
It is obvious that ZF and [Z,S]Z,=(x,y,l~~=y?=l, xyf=yix, 
yiyj= yjy,, i, j= 1, 2, . ..) are infinite OCz and OC‘, groups, respectively. 
There also exist infinite OC, groups for 4 <n 6 6. For the infinite OC, 
groups, what is the maximum number n ? This is an open question. The 
infinite OC, groups are periodic. Are they locally finite? This is a special 
case of Burnside’s problem (see [ 121). We believe it is a very difficult 
problem. 
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